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Abstract
We find, at the Lagrangian off-shell level, the explicit equivalence transformation which
relates the conformal mechanics of De Alfaro, Fubini and Furlan to the conformal mechanics
describing the radial motion of the charged massive particle in the Bertotti-Robinson AdS2×
S2 background. Thus we demonstrate the classical equivalence of these two systems which
are usually regarded as essentially different “old” and “new” conformal mechanics models.
We also construct a similar transformation for N = 2, SU(1, 1|1) superconformal mechanics
in N = 2 superfield formulation. Performing this transformation in the action of the N = 2
superconformal mechanics, we find an off-shell superfield action of N = 2 superextension of
Bertotti-Robinson particle. Such an action has not been given before. We show its on-shell
equivalence to the AdS2 superparticle action derived from the spontaneous partial breaking
of SU(1, 1|1) superconformal symmetry treated as the N = 2 AdS2 supersymmetry.
∗eivanov@thsun1.jinr.ru
†krivonos@thsun1.jinr.ru
‡niederle@fzu.cz
1 Introduction
Conformal mechanics [1] and its superconformal extensions [2, 3] were first introduced and
studied as the simplest (one-dimensional) models of (super)conformal field theory. Recently,
there was a revival of interest in these models in the context of the AdS/CFT correspon-
dence [4, 5, 6] and the physics of black holes. It was argued [7] (see also [8]-[12]) that the
so-called “relativistic” generalizations of (super)conformal mechanics are candidate for the
conformal field theory dual to AdS2 (super)gravity in the AdS2/CFT1 version of the above
correspondence. The simplest model of that kind is a particle evolving on the AdS2 × S2
background (the Bertotti-Robinson metric [13]) which describes the near-horizon geometry
of d = 4 Reissner-Nordstro¨m black hole. The action (or Hamiltonian) of the standard (“non-
relativistic”) conformal mechanics is recovered from the worldline action (or Hamiltonian)
of this model in the large black-hole mass approximation.
Both the “old” and “new” (super)conformal mechanics models respect the same (su-
per)conformal symmetry, though realized differently in either cases. This suggests that
these models can in fact be equivalent to each other.The aim of the present paper is to
demonstrate, on the simple examples of one-field conformal mechanics and its N = 2 su-
perextension, that such an equivalence indeed takes place and is valid off-shell.1 We explicitly
find the equivalence transformation of the time variable and involved fields which maps the
“old” conformal mechanics actions on the actions of the AdS2 (super)particle and vice versa.
This off-shell equivalence holds at any finite and non-zero value of the AdS2 radius. Crucial
for establishing this relation is the treatment of (super)conformal mechanics models as a sort
of d = 1 sigma models on the cosets of d = 1 conformal group SL(2, R) ∼ SO(1, 2) and its
superextensions [15, 16] (see also [17]). We demonstrate that the “new” (super)conformal
models correspond to another choice of these cosets as compared to the “old” ones and show
how to construct the relevant worldline actions in the spirit of the recent papers [18, 19].
Comparing the appropriate cosets, we establish the desired equivalence transformation be-
tween two classes of (super)conformal mechanics models. In the superconformal case we limit
our consideration to the simplest example of N = 2 superconformal mechanics [2, 3, 16], but
our arguments are valid also for higher N cases treated in the nonlinear realizations approach
of refs. [15, 16, 17]. For the example considered we find an off-shell N = 2 superconformal
action describing the radial motion of N = 2 superextension of the Bertotti-Robinson par-
ticle. Such an action has not been known before. We show its on-shell equivalence to the
AdS2 superparticle action which derives from the spontaneous partial breaking of SU(1, 1|1)
superconformal symmetry regarded as the N = 2 AdS2 supersymmetry.
2 Two versions of conformal mechanics
We start by recalling basics of the bosonic case. The conformal mechanics model of [1] is
described by the following worldline action
S =
1
2
∫
dt
(
µ x˙2 − γ
x2
)
, (2.1)
1The issue of equivalence of various conformally invariant d = 1 models in the Hamiltonian formalism
was addressed in [14].
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which corresponds to the Hamiltonian
H =
p2
2µ
+
γ
2x2
. (2.2)
The action (2.1) is invariant under the d = 1 conformal transformations
δt = a+ b t + c t2 ≡ a(t) , δx = 1
2
a˙ x =
1
2
(b+ 2c t) x (2.3)
which form the SO(1, 2) group algebra:
i [P,D] = −P , i [K,D] = K , i [P,K] = −2D . (2.4)
The generators P,D and K are, respectively, those of translations, dilatations and special
conformal transformations and correspond to the parameters a, b and c in (2.3). The Hamil-
tonian (2.2) is the translation operator in the canonical formalism. It is straightforward to
construct the canonical charges corresponding to dilatations and conformal transformations.
It was argued in [1] that in the quantum case the true Hamiltonian is a combination of the
above H and the conformal generator, such that it generates a compact SO(2) subgroup of
SO(1, 2).
The “new” conformal mechanics model was proposed in [7] as a model of a charged
massive particle moving in the AdS2 × S2 Bertotti-Robinson (BR) background
ds2 = −(2R/r)4dτ 2 + (2R/r)2dr2 +R2dΩ2 ,
A = (2R/r)2dτ . (2.5)
Here, the parameter R can be interpreted as the AdS2 radius (equal to that of the sphere
S2), dΩ2 = dθ2+sin2 θdϕ2 is the SO(3) invariant metric on S2 and A is the expression for the
related Maxwell field in the coupled Einstein-Maxwell theory to which the BR background
(2.5) provides a solution. The static-gauge action of the particle and the corresponding
canonical Hamiltonian are as follows
S =
∫ (
qA− µ˜
√
−G(τ) dτ
)
=
∫
dτ(2R/r)2
[
q − µ
√
1− (2R/r)−2r˙2 − R2(2R/r)−4
(
θ˙2 + sin2 θϕ˙2
)]
, (2.6)
H = (2R/r)2
[√
µ2 + (r2p2r + 4L
2)/4R2 − q
]
, (2.7)
L2 ≡ p2θ + sin−2 θp2ϕ . (2.8)
The action (2.6) is invariant under the field-dependent d = 1 conformal transformations
δτ = a(τ) + c(1/16R2) r4 , δr =
1
2
a˙ r , δθ = δϕ = 0. (2.9)
As in the case of “old” conformal mechanics, in this case it is straightforward to find the
canonical Noether charges generating the “active” form of the conformal transformations
(2.9) for the involved fields [7].
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In the limit R→∞ , µ˜− q → 0 , R2(q− µ˜) 6=∞ the action (2.6) and Hamiltonian (2.7)
go over into (2.1) and (2.2) with x ≡ r and
µ = µ˜ , γ = 8R2(µ− q) + 4L2/µ . (2.10)
The “new” conformal mechanics was interpreted in [7]-[11] as a “relativistic” generalization
of the “old” one just in this sense (the latter being a limiting case of the former).
The purely AdS2 part of (2.6), (2.7) corresponds to “freezing” the S
2 angles, θ =
const, ϕ = const, L2 = 0, and so describes the radial motion of the AdS2 × S2 particle.
In what follows we shall be interested just in this reduced system which is in itself invariant
under the conformal transformations of τ and r defined in (2.9).
3 Conformal mechanics models as nonlinear realiza-
tions of SO(1, 2)
It was shown in [15] that both the action (2.1) and equation of motion of the conformal
mechanics of ref. [1] admit a transparent geometric interpretation in terms of left-invariant
Cartan 1-forms on the group SO(1, 2). Now we are going to show that both the action (2.6)
(restricted to the radial motion) and non-standard conformal transformations (2.9) can be
also straightforwardly recovered from the same coset space approach.
We start by recalling some basic points of ref. [15].
One proceeds from a nonlinear realization of the SO(1, 2) group acting as left shifts on
the element
g = eitP eiu(t)Deiλ(t)K , (3.1)
where u(t) and λ(t) are the Goldstone fields for the dilatation and special conformal gener-
ators. The SO(1, 2) left shifts induce for t, q(t) and λ(t) the following transformations
δt = a+ b t + c t2 , δu = b+ 2c t , δλ = c eu . (3.2)
Next one defines the Cartan forms
g−1dg = iωP P + iωDD + iωK K ,
ωP = e
−udt , ωD = du− 2e−uλdt ,
ωK = dλ+ e
−uλ2dt− λdu , (3.3)
which by construction are invariants of the transformations (3.2). Using this fact, the coset
field λ(t) can be covariantly eliminated by imposing the inverse Higgs [20] constraint
ωD = 0 ⇒ λ = 1
2
euu˙ . (3.4)
The manifestly invariant worldline action
S = −1
2
∫ (
µ ν2 ωk + γ ν
−2 ωP
)
=
1
2
∫
dt
(
1
4
µ ν2 eu u˙2 − γ ν−2 e−u
)
, (3.5)
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where ν ([ν] = −1) is a normalization constant, is just the “old” conformal mechanics action
(2.1) upon the identification
x(t) = ν e1/2 u(t) . (3.6)
The transformations (3.2), being rewritten through x(t), coincide with (2.3). Note that one
can use in (3.5) the 1-forms with u(t) and λ(t) as independent fields. Then the constraint
(3.4) arises as the equation of motion for λ.
The equation of motion for x(t) or u(t) following from (2.1) or (3.5) was interpreted in
[15] as the equation for geodesics on SO(1, 2). They can be time-like, space-like or null,
depending on the choice of the parameters γ and µ.
The basis (2.4) in the algebra so(1, 2) can naturally be called “conformal” as it implies
the standard d = 1 conformal transformations for the time t. Now we pass to another basis
in the same algebra
Kˆ = mK − 1
m
P , Dˆ = mD , (3.7)
with m being a parameter of the dimension of mass. This choice will be referred to as the
“AdS basis” for a reason soon to be made clear.
The conformal algebra (2.4) in the AdS basis (3.7) reads
i
[
P, Dˆ
]
= −mP , i
[
Kˆ, Dˆ
]
= 2P +mKˆ , i
[
P, Kˆ
]
= −2Dˆ . (3.8)
An element of SO(1, 2) in the AdS basis is defined to be
g = eiyP eiφ(y)DˆeiΩ(y)Kˆ . (3.9)
Now we are in a position to explain the motivation for the nomenclature “AdS basis”.
With the choice (3.1), the group parameters t and u(t) parameterize the coset of SO(1, 2)
over conformal generator K. So they are d = 1 analogs of the standard d = 4 Minkowski
space-time 4-coordinate and dilaton which parameterize the coset of the d = 4 conformal
group SO(2, 4) over the semi-direct product of Lorentz group SO(1, 3) and the commuting
abelian subgroup spanned by generators of d = 4 conformal boostsKm. At the same time, the
generator Kˆ (3.7) can be shown to correspond to an SO(1, 1) subgroup of SO(1, 2). Thus
the parameters y and φ(y) in (3.9) parameterize the coset SO(1, 2)/SO(1, 1), i.e. AdS2.
The parameterization (3.9) of AdS2 is a particular case of the so-called “solvable subgroup
parameterization” of the AdS spaces [21]. The d = 4 analog of this parameterization is the
parameterization of the AdS5 space in such a way that its coordinates are still parameters
associated with the 4-translation and dilatation generators Pm, D of SO(2, 4), while it is the
subgroup SO(1, 4) with the algebra ∝ {Pm −Km, so(1, 3)} which is chosen as the stability
subgroup [21].
The difference in the geometric meanings of the coordinate pairs (t, u(t)) and (y, φ(y))
is manifested in their different transformation properties under the same d = 1 conformal
transformations. Left shifts of the SO(1, 2) group element in the parameterization (3.9)
induce the following transformations
δy = a(y) +
1
m2
c e2mφ , δφ =
1
m
a˙(y) =
1
m
(b+ 2c y) , δΩ =
1
m
c emφ . (3.10)
We observe the modification of the special conformal transformation of y by a field-dependent
term, just as in eq. (2.9).
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The relevant left-invariant Cartan forms are given by the following expressions
ωˆD =
1 + Λ2
1− Λ2dφ− 2
Λ
1− Λ2 e
−mφdy ,
ωˆP =
1 + Λ2
1− Λ2 e
−mφdy − 2 Λ
1− Λ2dφ ,
ωˆK = m
Λ
1 − Λ2
(
Λe−mφdy − dφ
)
+
dΛ
1− Λ2 , (3.11)
where
Λ = tanhΩ . (3.12)
As in the previous realization, the field Λ(y) can be eliminated by imposing the inverse
Higgs constraint
ωˆD = 0 ⇒ ∂yφ = 2 e−mφ Λ
1 + Λ2
, (3.13)
whence Λ is expressed in terms of φ:
Λ = ∂yφ e
mφ 1
1 +
√
1− e2mφ (∂yφ)2
. (3.14)
The SO(1, 2) invariant distance on AdS2 can be defined, prior to imposing any con-
straints, as
ds2 = −ωˆ2P + ωˆ2D = −e−2mφ dy2 + dφ2 . (3.15)
Making the redefinition
U = e−mφ ,
it can be cast into the standard BR form
ds2 = −U2 dy2 + (1/m2)U−2dU2 , (3.16)
with 1/m as the inverse AdS2 radius,
1
m
= R . (3.17)
One more change of variable
U = (2R/r)2 , y ≡ τ (3.18)
brings the distance just to the form (2.5) (with the S2 part neglected). The modified con-
formal transformations (3.10) become just (2.9) after these redefinitions.
The action (2.6) can now be easily constructed from the Cartan forms (3.11) which, after
substituting the inverse Higgs expression for Λ, eq. (3.14), read
ωˆP = e
−mφ
√
1− e2mφ (∂yφ)2 dy ,
ωˆK = −m
2
e−mφ
(
1−
√
1− e2mφ (∂yφ)2
)
dy + Total derivative × dy . (3.19)
The invariant action reads
S = −
∫ (
µ˜ ωˆP − qe−mφ
)
= −
∫
dy e−mφ
(
µ˜
√
1− e2mφ (∂yφ)2 − q
)
. (3.20)
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After the above field redefinitions it is recognized as the radial-motion part of the “new”
conformal mechanics action (2.6). Note that the second term in (3.20) is invariant under
(3.10) up to a total derivative in the integrand. The action can be rewritten in a manifestly
invariant form (with a tensor Lagrangian) by using the explicit expression for ωˆK in (3.19)
S =
∫
[(q − µ˜) ωˆP − (2/m)q ωˆK ] . (3.21)
Note that, like in the previous case, in (3.21) one can use the Cartan forms with Λ(y) as
an independent field. Then the inverse Higgs expression (3.14) can be reproduced as the
equation of motion for Λ(y) (with µ˜ 6= 0).
Now we are approaching the major point. We see that the “old” and “new” conformal
mechanics models are associated with two different nonlinear realizations of the same d = 1
conformal group SO(1, 2) corresponding, respectively, to the two different choices (3.1) and
(3.9) of the parameterization of the group element. The invariant actions in both cases can
be written as integrals of linear combinations of the left-invariant Cartan forms. But the
latter cannot depend on the choice of parameterization. Then the actions (3.5) and (3.21)
should in fact coincide with each other up to a redefinition of the free parameters of the
actions. Thus two conformal mechanics models are equivalent modulo redefinition of the
involved time coordinate and field. This statement should be contrasted with the previous
view of the “old” conformal mechanics model as a “non-relativistic” approximation of the
“new” one.
To find the relation between actions (3.5) and action (3.21), we first write the relations
between Cartan forms in two bases,
ωK = mωˆK , ωP = ωˆP − 1
m
ωˆK , (3.22)
which follow from the definition (3.7). Then we substitute these relations into (3.5) and
compare the resulting action of the “old” conformal mechanics (thus rewritten in the pa-
rameterization (3.9)) with the action (3.21). We find that the two actions coincide with each
other, provided that their parameters are related as
γ = 2ν2(µ˜− q) , µ = 2(R2/ν2)(µ˜+ q) . (3.23)
Taking into account that (3.5) is invariant under rescalings
γ → γ l , µ→ µ l−1 , ν → ν l1/2 ,
one can choose, without loss of generality, the “gauge”
ν2 = 4R2 , (3.24)
in which
γ = 8R2(µ˜− q) , µ = 1
2
(µ˜+ q) . (3.25)
The same result can be obtained by directly performing in (2.1) or (3.5) the change of
variables relating the conformal and AdS bases of the d = 1 conformal group. This transfor-
mation can be found by comparing the parameterizations (3.1) and (3.9), with making use
of the identity
eitKˆ = e−
i
m
(tanh t)Pe−2i(ln cosh t)Deim(tanh t)K , (3.26)
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which can be checked using (3.7), (3.8). The sought change of coordinates is as follows
t = y − 1
m
emφΛ , u = mφ+ ln (1− Λ2) , λ = mΛ . (3.27)
These relations, together with (3.25) and the inverse Higgs expressions (3.4), (3.14) sub-
stituted for λ, Λ, fully fix the equivalence map between the “old” and “new” conformal
mechanics.
Finally, two remarks are in order.
First, for deriving the map (3.27) it was essential that in our way of constructing the
AdS2 particle action in terms of Cartan one-forms we started not just from the coset
SO(1, 2)/SO(1, 1) ∼ AdS2, but from the whole SO(1, 2) group space, including the pa-
rameter Λ(y) associated with the SO(1, 1) generator Kˆ. This parameter has been eventually
covariantly traded for φ, ∂yφ according to (3.14), but just its presence allowed us to equate
the elements of SO(1, 2) in the parameterizations (3.1), (3.9) and to derive the relations
(3.27). It would be difficult to guess these relations, while constructing the AdS2 particle
action in the conventional way, just proceeding from a d = 1 pullback of the AdS2 metric
(3.15).
Secondly, the above map is well-defined at R 6= ∞ , R 6= 0, i.e. it is one-to-one only
for non-zero and finite value of the AdS2 radius. The action (2.6) is still well defined at
m = 0 (R = ∞), in this limit it becomes the static-gauge action of the massive particle
in d = 2 Minkowsky space. However, such an action does not respect d = 1 conformal
symmetry, its only symmetries are the d = 2 translation and SO(1, 1) rotation ones. Thus
any link with the conformal mechanics turns out to be lost in this limit.
4 N=2 superconformal mechanics
The previous consideration may be generalized to the supersymmetry case. As the simplest
example we consider in this Section N = 2 superconformal mechanics [2, 3, 16]. Like its
bosonic prototype, N = 2 superconformal mechanics has a natural description within the
coset approach [16].
The starting point is the su(1, 1|1) superalgebra which includes, apart from the so(1, 2)
generators (2.4), those of Poincare`
{
Q,Q
}
and conformal
{
S, S
}
supersymmetries and the
U(1) generator U . In the conformal basis the non-vanishing (anti)commutators read:{
Q,Q
}
= −2P ,
{
Q, S
}
= −2D + 2U ,
{
S, S
}
= −2K ,
{
S,Q
}
= −2D − 2U ,
i
[
P,
(
S
S
)]
= −
(
Q
Q
)
, i
[
K,
(
Q
Q
)]
=
(
S
S
)
,
i
[
D,
(
Q
Q
)]
=
1
2
(
Q
Q
)
, i
[
D,
(
S
S
)]
= −1
2
(
S
S
)
,
i
[
U,
(
Q
Q
)]
=
1
2
(
Q
−Q
)
, i
[
U,
(
S
S
)]
=
1
2
(
S
−S
)
. (4.1)
The standard realization of SU(1, 1|1) as the spontaneously broken d = 1, N = 2 supercon-
formal group is set up by left multiplications of the coset
g = eitP eθQ+θ¯QeiqDeiλKeψS+ψ¯S , (4.2)
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where (t, θ, θ¯) are coordinates of d = 1, N = 2 superspace and the remaining coset parameters
are superfields given on this superspace. The Poincare` supersymmetry transformations have
the form
δt = −i
(
εθ¯ + ε¯θ
)
, δθ = ε , δθ¯ = ε¯ , (4.3)
while the superconformal ones are given by
δt = −it
(
ǫθ¯ + ǫ¯θ
)
, δθ = ǫ
(
t+ iθθ¯
)
, δθ¯ = ǫ¯
(
t− iθθ¯
)
, δq = −2i
(
ǫθ¯ + ǫ¯θ
)
. (4.4)
To single out the minimal set of coordinates and Goldstone superfields, as well as to
construct manifestly covariant dynamical equations of motion for the latter, we first define
the Cartan 1-forms
ωP = e
−qdt˜ , ωD = dq − 2e−qλdt˜+ 2ie− 12 q
(
ψdθ¯ + ψ¯dθ
)
,
ωK = dλ+ λ
2e−qdt˜− λdq − 2ie− 12 qλ
(
ψdθ¯ + ψ¯dθ
)
+ i
(
ψdψ¯ + ψdψ¯
)
,
ωQ = e
− 1
2
qdθ − e−qdt˜ψ , ωS = dψ − 1
2
ψ
(
dq − 2e−qλdt˜
)
− e− 12 q
(
λ+ iψψ¯
)
dθ ,
ωQ = e
− 1
2
qdθ¯ − e−qdt˜ψ¯ , ωS = dψ¯ −
1
2
ψ¯
(
dq − 2e−qλdt˜
)
− e− 12 q
(
λ− iψψ¯
)
dθ¯ , (4.5)
where
dt˜ = dt+ i
(
θdθ¯ + θ¯dθ
)
.
Then, following ref. [16], we subject them to the appropriate covariant constraints.
The first kind of constraints is the inverse Higgs ones [20]:
ωD = 0 ⇒

q˙ = 2e−qλ ,
Dq = 2ie−
1
2
qψ¯ ,
Dq = 2ie−
1
2
qψ ,
(4.6)
where
D =
∂
∂θ
+ iθ¯∂t , D =
∂
∂θ¯
+ iθ∂t ,
{
D,D
}
= 2i∂t . (4.7)
As in the bosonic case, they are purely kinematical and serve to covariantly express the
redundant Goldstone superfields λ, ψ, ψ¯ as derivatives of the only essential Goldstone super-
field, the dilaton q(t, θ, θ¯).
The equations of motion are produced by the extra covariant condition [16]
√
µ ν2 ωS = −i√γ ωQ , (4.8)
and they read [
D,D
]
Y =
2
ν2
√
γ
µ
1
Y
, Y = e
1
2
q . (4.9)
In contrast to the bosonic case, the lagrangian density of the action of N = 2 super-
conformal mechanics cannot be directly constructed out of the Cartan forms: it is not
strictly invariant under superconformal transformations and in this respect resembles the
Wess-Zumino-Witten or Chern-Simons type Lagrangians. It has the following form
Sconf =
∫
dtd2θ
(
µν2
2
DYDY +
√
µγ ln Y
)
, (4.10)
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and one can check that the Lagrangian in it is shifted by a total derivative under (4.4). Such
behavior of the Lagrangian is a key feature of most supersymmetric systems with partial
breaking of global supersymmetries (see e.g. [22]). This property makes the construction of
the invariant minimal superfield actions in superconformal mechanics a rather complicated
problem as compared to the pure bosonic case.
The first component of superfield q is just u(t) ≡ q(t, θ)|θ=0 and the bosonic part of the
action (4.10) coincides with the bosonic action (3.5) (after eliminating the auxiliary field
[D,D]q|θ=0 by its equation of motion).
Now we shall consider a supersymmetric extension of the AdS basis (3.7). The only
new thing we have to do for this is to make a rescaling of the superconformal generators as
Sˆ = mS, Sˆ = mS. The superconformal algebra su(1, 1|1) in the AdS basis then reads:{
Q, Sˆ
}
= −2Dˆ + 2mU ,
{
Sˆ, Sˆ
}
= −2mKˆ − 2P ,
{
Sˆ, Q
}
= −2Dˆ − 2mU ,
i
P,
 Sˆ
Sˆ
 = −m( Q
Q
)
, i
[
Kˆ,
(
Q
Q
)]
=
 Sˆ
Sˆ
 , i
Kˆ,
 Sˆ
Sˆ
 = ( Q
Q
)
,
i
[
Dˆ,
(
Q
Q
)]
=
m
2
(
Q
Q
)
, i
Dˆ,
 Sˆ
Sˆ
 = −m
2
 Sˆ
Sˆ
 ,
i
U,
 Sˆ
Sˆ
 = 1
2
 Sˆ
−Sˆ
 , i [U,( Q
Q
)]
=
1
2
(
Q
−Q
)
. (4.11)
We define the realization of SU(1, 1|1) in the AdS basis by its left action on the coset
SU(1, 1|1)/U(1) in the following parameterization:
g = eiyP eθQ+θ¯QeiΦDˆeiΩKˆeξSˆ+ξ¯
ˆ
S . (4.12)
Left SU(1, 1|1) shift of the coset (4.12) induce the following superconformal transforma-
tions for the coset parameters
δy = −i
(
ǫθ¯ + ǫ¯θ
) [
my + emΦΛ
]
− i
(
ǫξ¯ + ǫ¯ξ
)
e
3
2
mΦ 1 + Λ
2
√
1− Λ2 ,
δθ = mǫ
(
y + iθθ¯ − 1
m
emΦΛ
)
, δθ¯ = mǫ¯
(
y − iθθ¯ − 1
m
emΦΛ
)
,
δΦ = −2i
(
ǫθ¯ + ǫ¯θ
)
− 2i
(
ǫξ¯ + ǫ¯ξ
)
e
1
2
mΦ Λ√
1− Λ2 ,
δξ = ǫe
1
2
mΦ
√
1− Λ2 + im
(
ǫ¯θ − ǫθ¯
)
ξ , δξ¯ = ǫ¯e
1
2
mΦ
√
1− Λ2 − im
(
ǫ¯θ − ǫθ¯
)
ξ¯ ,
δΛ = −im
(
ǫ¯θ + ǫθ¯
)
e
1
2
mΦ
√
1− Λ2 , (4.13)
where Λ is still defined according to (3.12) as Λ = tanhΩ.
The relevant Cartan form needed to covariantly trade the superfields Ω, ξ, ξ¯ for derivatives
of Φ reads:
ωDˆ = cosh(2Ω) dΦ− sinh(2Ω) e−mΦdy˜ + 2i cosh(Ω) e−
m
2
Φ
(
ξdθ¯ + ξ¯dθ
)
, (4.14)
where
dy˜ = dy + i
(
θdθ¯ + θ¯dθ
)
.
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Putting this form equal to zero, we obtain
∂yΦ = 2e
−mΦ Λ
1 + Λ2
, DyΦ = 2ie
−m
2
Φ
√
1− Λ2
1 + Λ2
ξ¯ , DyΦ = 2ie
−m
2
Φ
√
1− Λ2
1 + Λ2
ξ , (4.15)
where
Dy =
∂
∂θ
+ iθ¯∂y , Dy =
∂
∂θ¯
+ iθ∂y ,
{
Dy, Dy
}
= 2i∂y . (4.16)
Now we are able to establish a link between the above two nonlinear realizations. This
equivalence transformation is a supersymmetric extension of (3.27). The relations between
the coset coordinates can be found by rearranging the exponents from the parameterization
(4.2) to (4.12). The explicit form of these relations is as follows
t = y − 1
m
emΦΛ , q = mΦ + ln (1− Λ2) , λ = mΛ , ψ = mξ , ψ¯ = mξ¯ . (4.17)
Now we have all the necessary ingredients for passing from one basis another in the N = 2
superconformally invariant actions. As the suggestive example, let us rewrite the standard
N = 2 superconformal mechanics action (4.10) in the AdS basis
S =
1
2
∫
dtd2θ
(
−µν2 ψ¯ψ +√µγ q
)
=
1
2
∫
dyd2θ
[
1− Λ2
1 + Λ2
− 1
m
emΦ∂yΛ
]
×
[
1
4
µν2m2 emΦ
(1 + Λ2)2
1− Λ2 DyΦDyΦ +
√
µγ
(
mΦ + ln(1− Λ2)
)]
. (4.18)
Here
Λ = emΦ ∂yΦ
1
1 +
√
1− e2mΦ(∂yΦ)2
, Λ2 =
1−
√
1− e2mΦ(∂yΦ)2
1 +
√
1− e2mΦ(∂yΦ)2
(4.19)
as follows from (4.15). From now on we shall use the “gauge” (3.24):
ν2m2 = 4R2m2 = 4 . (4.20)
While neglecting the superpotential term (i.e. choosing γ = 0) and terms with higher
derivatives (those with ∂yΛ), the action is simplified to the form
S = µ
∫
dyd2θ
 emΦDyΦDyΦ
1 +
√
1− e2mΦ (∂yΦ)2
 , (4.21)
which is the product of the first terms in both expressions inside the square brackets in
(4.18). One can directly check that the bosonic part of (4.21) just coincides with (3.21)
(for µ˜ = q) after elimination of the auxiliary field. Using the definition d2θ = D¯D, and
suppressing the fermionic fields, one finds
S0bos ≡
∫
dy L0 =
µ
2
∫
dy
[
(∂yφ)
2 + F 2
]
emφ
(
1 + Λ2
)
= µ
∫
dy
[
(∂yφ)
2 + F 2
]
emφ
1
1 +
√
1− e2mφ(∂yφ)2
. (4.22)
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On shell, i.e. with F = 0, we obtain
S0bos = µ
∫
dye−mφ
[
1−
√
1− e2mφ(∂yφ)2
]
. (4.23)
The full action (4.18) looks rather complicated and includes terms which could seemingly
give rise to higher derivatives in y in the component Lagrangian. Nevertheless, this does
not happen. By direct calculation, the remaining contributions to the bosonic part of the
off-shell component action are given by
S1bos =
∫
dy (L1 + L2) , (4.24)
where
L1 = − µ
4m
[
(∂yφ)
2 + F 2
]
e3mφ
(1 + Λ2)4
(1− Λ2)2
[
∂2yφ+m(∂yφ)
2
]
, (4.25)
L2 = −1
2
√
µγ F
{
m− e2mφ (1 + Λ
2)3
2(1− Λ2)2
[
∂2yφ+m(∂yφ)
2
]}
. (4.26)
After the change of variable
X =
1
m
emφ ⇒ Λ ≡ Λ(∂yX) = ∂yX 1
1 +
√
1− (∂yX)2
,
the F -independent term in (4.25) can be shown to be a full derivative
∼ ∂2yX f(∂yX) .
Thus (4.24) contributes only to the potential of the auxiliary field F (y) . The algebraic
equation for the latter which follows from Sbos = S
0
bos + S
1
bos is easily found to be
F =
m
4
√
γ
µ
e−mφ
[
1 +
√
1− e2mφ(∂yφ)2
]
. (4.27)
After substituting this back into Sbos , the latter, modulo a full derivative in the Lagrangian,
reads
Sbos =
∫
dye−mφ
{
µ
[
1−
√
1− e2mφ(∂yφ)2
]
− γ
16
m2
[
1 +
√
1− e2mφ(∂yφ)2
]}
, (4.28)
which coincides with (3.20) under the identification (3.25).
Thus (4.18) provides a manifestly N = 2 supersymmetric off-shell form of N = 2 su-
perconformal extension of the “new” conformal mechanics action (3.20) which describes the
radial (AdS2) motion of the charged particle in the BR AdS2 × S2 background. Such a
superfield action was not known before. By construction, it is related by the equivalence
transformation (4.17) to the “old” N = 2 superconformal mechanics action (4.10).
As the last topic, we would like to show that the action (4.18) at γ = 0 is equivalent,
at least on-shell, to the “standard” action for the superparticle in AdS2 background. The
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latter action can be obtained by dimensional reduction from that of N = 1 supermembrane
in AdS4 background [18, 23] and has the following form:
S˜ = µ
∫
dyd2θL ≡ µ
∫
dyd2θ
 emΦ˜DyΦ˜DyΦ˜
1 +
√
1 + e2mΦ˜DyDyΦ˜DyDyΦ˜
 , Φ˜|θ=0 = Φ|θ=0 . (4.29)
This action can be shown to be invariant (up to a shift of the Lagrangian by a full derivative)
under the following transformations
δΦ˜ = LΦ˜− 2i
(
ǫθ¯ + ǫ¯θ
)
+ iemΦ˜
(
ǫDyL+ ǫ¯DyL
)
, (4.30)
where
L = imǫ
(
θθ¯ + 2iy
) ∂
∂θ
− imǫ¯
(
θθ¯ − 2iy
) ∂
∂θ¯
+ 2im
(
ǫ¯θ + ǫθ¯
)
y∂y . (4.31)
These transformations, although being different from (4.13), still constitute a nonlinear
realization of the same N = 2 superconformal group SU(1, 1|1), with Φ˜ being a Goldstone
dilaton superfield.
The purely bosonic part of (4.29) reads
S˜bos = µ
∫
dy
[
(∂yφ)
2 + F˜ 2
]
emφ
1
1 +
√
1− e2mφ[(∂yφ)2 + F˜ 2]
(4.32)
and it obviously coincides on shell, when F = F˜ = 0, with the bosonic part of (4.18) at
γ = 0, viz. Sbos(γ = 0) =
∫
dt (L0 + L1) .
2 Thus it remains to demonstrate that in both
actions, (4.18) (at γ = 0) and (4.29), the fermionic terms on shell also coincide with each
other modulo an equivalence redefinition of the fermionic fields. The proof is based on the
following common feature of both actions: after elimination of the auxiliary fields F and
F˜ by their equations of motion, the fermionic terms in (4.18) and (4.29) take the following
generic form
a1(∂yψψ¯ − ψ∂yψ¯) + a2ψ∂yψψ¯∂yψ¯ . (4.33)
Here, a1 and a2 are some functions of φ and ∂yφ which are specific for either actions. The
crucial observation is that the invertible redefinition of the fermionic variables
ψ → ψ˜ = √a1ψ − a2
2
√
a1
ψ∂yψψ¯ , ψ¯ → ˜¯ψ = √a1ψ¯ − a2
2
√
a1
ψ∂yψ¯ψ¯ , (4.34)
reduces fermionic terms in both actions to the pure kinetic term
∂yψ˜
˜¯ψ − ψ˜∂y ˜¯ψ (4.35)
for arbitrary functions a1 and a2 (the function a1 is assumed to start with a constant, so it
is legitimate to divide by it in (4.34)). Keeping in mind that the bosonic parts of the on-
shell actions are the same, we conclude that on-shell the actions (4.29) and (4.18) coincide
with each other, modulo an equivalence redefinition of the fermionic components. It would
be instructive to find a superfield redefinition relating Φ and Φ˜ and to prove the off-shell
equivalence of (4.29) and (4.18).
2Actually, it is easy to find an invertible relation between the auxiliary fields F and F˜ to show that S˜bos
and Sbos(γ = 0) are off-shell equivalent.
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5 Conclusions
In this paper we have found an equivalence transformation between two nonlinear realiza-
tions of the group SO(1, 2): its realization as the spontaneously broken d = 1 conformal
symmetry and the realization as the AdS2 isometry group. This transformation takes the
action of the “old” conformal mechanics into the action of the “new” one, viz. the worldline
action describing the radial motion of a charged BR particle. Thus these systems, usu-
ally treated as two essentially different models of conformal mechanics, prove in fact to be
classically equivalent. We extended this equivalence transformation to the case of N = 2
superconformal mechanics. Being applied to the standard N = 2 superfield action of the
latter, this transformation produces a novel superfield action which provides an N = 2 su-
perextension of the “new” conformal mechanics action and so describes a radial motion of
N = 2 BR superparticle in a static gauge. Similar equivalence transformations can hopefully
be established for higher N superconformal mechanics models in the nonlinear realization
approach of refs.[15, 16, 17].
It is very interesting to elaborate on the quantum implications of the equivalence trans-
formation found. We expect that it will allow one to explicitly solve the quantum mechanics
of the BR particle and its superextensions in terms of (super)conformal quantum mechanics.
Also, it would be worth to extend our consideration to the full BR AdS2 × S2 background
and its superextensions, thus taking into account the angular degrees of freedom of the BR
(super)particle. The corresponding “old” conformal mechanics action should include a con-
formally invariant d = 1 S2 sigma model part. It could naturally appear as a bosonic core
of the action of one of possible versions of N = 4 superconformal mechanics, e.g. associated
with the superconformal group SU(1, 1|2).
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